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We present a general approach to calculating the entanglement of formation for superpositions
of two-mode coherent states, placed equidistantly on a circle in the phase space. We show that
in the particular case of rotationally-invariant circular states the Schmidt decomposition of two
modes, and therefore the value of their entanglement, are given by analytical expressions. We
analyse the dependence of the entanglement on the radius of the circle and number of components
in the superposition. We also show that the set of rotationally-invariant circular states creates an
orthonormal basis in the state space of the harmonic oscillator, and this basis is advantageous for
representation of other circular states of light.
PACS numbers: 42.50.Dv, 42.50.Ar, 42.65.Re
I. INTRODUCTION
Coherent states of light play a central role in quan-
tum optics, being representatives of deterministic clas-
sical waves in the quantum formalism, and serving as
an effective basis for various quasiprobability approaches
to the description of the quantum field [1]. Quantum
superpositions of two coherent states have been inten-
sively investigated in the last three decades, especially
for the case of distinct macroscopic amplitudes of two
states, where the superposition can be considered as an
optical analog of the famous “Schro¨dinger cat” state of a
quantum system [2–5]. Experimental realizations of such
superpositions reach mesoscopic values of the amplitude
both in microwave [6, 7] and optical [8, 9] domains and
allow one to study the elusive border between the quan-
tum and the classical worlds.
Another interesting feature of a single-mode coherent
superposition is its simple transformation into a two-
mode coherent superposition by means of a beam splitter
(see Fig.1):
N−1∑
m=0
cm|
√
2αm〉A|0〉B →
N−1∑
m=0
cm|αm〉A|αm〉B, (1)
where
{|√2αm〉A} are coherent states with complex am-
plitudes {√2αm} at one input to the beam-splitter (mode
A), {cm} are arbitrary complex numbers satisfying the
normalisation condition, |0〉B is a vacuum state at an-
other input to the beam-splitter (mode B), and the co-
herent states at both outputs of a 50:50 beam-splitter
have amplitudes αm, which are all different. When the
number of components is higher than 1, the output state
is an entangled state of two modes, a coherent state su-
perposition [10]. Such states are of considerable interest
and great practical importance for quantum communica-
tion and computation [11, 12] (for a review, see Ref.[13]).
In particular one is interested in quantifying their en-
tanglement by calculating the entanglement of formation
E = −Tr{ρA log2 ρA}, where ρA is the partial density
operator of the mode A alone [14].
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FIG. 1: A symmetric beam splitter. The “in-state” of the
mode A is transformed into an (in general) entangled “out-
state” of the modes A and B.
In the case where the individual coherent states |αm〉
are macroscopically distinguishable, i.e. |αm − αn| ≫ 1,
m 6= n, the right-hand side of Eq.(1) represents almost a
Schmidt decomposition [15] with the entanglement given
by the Shannon entropy of the coefficients |cm|2, reaching
log2N for an equally-weighted superposition. In the case
where not all of the coherent states are well distinguish-
able, the expression for the entanglement of formation
is known only for the case of two components, since for
this case the partial density operator is represented in a
proper basis by a 2 × 2 matrix, and its eigenvalues can
be readily found in an analytic form by solving a second-
order characteristic equation.
In the present article we deduce an analytic expression
for the entanglement for the case of arbitrary number N
of components in the superposition in a particular case
of coherent states |αm〉 placed equidistantly on a circle
of radius |α0| centered at the origin, and having a lin-
2ear relative phase dependence. For this particular case
of “rotationally-invariant circular states” (RICS) we find
also the explicit form for the Schmidt basis, given by a
set of other RICS.
The article is structured as follows. In Section II we
discuss the class of circular states of light for a single
mode of field and concentrate on the subclass of single-
mode RICS. In Section III we develop a general formal-
ism for calculating the entanglement of a superposition
of two-mode coherent states, apply it to the case of two-
mode circular states, and show that in the case of a two-
mode RICS the Schmidt decomposition is obtained in a
simple analytic form. In Section IV we show that a set
of RICS forms a basis in the space of circular states hav-
ing advantages for representation of any circular state of
light. In Section V we discuss the questions of entangle-
ment optimization and quantification of non-classicality
on the basis of the obtained results.
II. SINGLE-MODE STATES
A. Circular states
We consider one mode of the electromagnetic field, rep-
resented by a quantum harmonic oscillator. The quan-
tum state of our interest is a superposition of N coherent
states {|αm〉,m = 0, 1, ..., N−1}, placed equidistantly on
the circle of radius |α0| (see Fig.2):
|ψc〉 =
N−1∑
m=0
cm|αm〉, (2)
where
αm = α0e
−i2pim/N , (3)
α0 is an arbitrary non-zero complex number, and {cm}
are arbitrary complex coefficients, satisfying the normal-
ization condition 〈ψc|ψc〉 = 1.
The states of this class are often called “circular states”
[16, 17] and were extensively studied during the last
decades in connection with their highly non-classical
properties [2–9]. They are also favorite test benches
for studying decoherence in elementary quantum systems
both theoretically [18, 19] and experimentally [6]. An im-
portant subclass is represented by generalized coherent
states of light possessing a certain phase-periodicity prop-
erty [20], including a family of the so-called “Kerr states”,
which can be produced unitarily in a third-order nonlin-
ear optical process of self-phase modulation [3, 7, 21, 22].
Another important subclass is discussed in the next sub-
section.
All circular states are eigenstates of the Nth power of
the photon annihilation operator:
aN |ψc〉 = αN0 |ψc〉. (4)
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FIG. 2: Coherent states on the circle of radius |α0|. Each
coherent state is represented by a circle of radius 1
2
, corre-
sponding to the σ-area of its Wigner function, being a two-
dimensional Gaussian distribution.
The set of coherent states with amplitudes given by
Eq.(3), is characterized by its Gram matrix Gmn =
〈αm|αn〉, which has the following cyclic form
Gmn = g(m− n), (5)
where
g(m) = exp
{
|α0|2
(
ei2pim/N − 1
)}
(6)
is an N -component vector of inner products, and here
and below all lowercase discrete variables are taken mod-
ulo N , if not otherwise specified. We note that g∗(m) =
g(−m), as required by the Hermiticity of the Gram ma-
trix.
As we will see later, an important role in the analysis
of these states is played by discrete Fourier transform in
the N -dimensional complex linear space, which is defined
as
g˜(k) =
1
N
N−1∑
m=0
g(m)e−i2pikm/N , (7)
with the inverse transform
g(m) =
N−1∑
k=0
g˜(k)ei2pikm/N . (8)
Below we will always denote the Fourier transform of any
function {f(m),m = 0, 1, ..., N − 1} by the same letter
with a tilde: f˜(k), and imply that its argument takes
values 0 ≤ k ≤ N − 1.
3Decomposing the exponent in Eq.(6) into Taylor series
and taking the Fourier transform Eq.(7), we obtain
g˜(k) = e−|α0|
2
∞∑
l=0
|α0|2(k+lN)
(k + lN)!
, (9)
i.e. g˜(k) is given by a sum of weights of values j from
a Poisson distribution, such that (j mod N) = k. As a
consequence, all g˜(k) are positive and sum to unity.
B. Rotationally-invariant circular states
Each state of the set {|αm〉,m = 0, 1, ..., N − 1} with
amplitudes given by Eq.(3), is produced from the previ-
ous one in this set by a rotation in phase space |αm〉 =
UN |αm−1〉, described by the unitary operator
UˆN = e
−i2pia†a/N , (10)
where a is the photon annihilation operator. Thus, the
N -dimensional space of circular states, determined by
Eqs.(2,3) is invariant under the action of this operator.
Let us find the eigenstates of UˆN in this space. The eigen-
values of a unitary operator have the form e−iϕ, where
ϕ is real. Substituting Eq.(2) into UN |ψc〉 = e−iϕ|ψc〉
and taking into account the linear independence of the
states {|αm〉,m = 0, 1, ..., N − 1} when α0 6= 0, we ob-
tain cm+1 = e
iϕcm. Starting with m = 0 by iteration we
find cm = c0e
imϕ. After the Nth iteration we arrive at
the condition of periodicity exp(iNϕ) = 1, meaning that
ϕ should be such that Nϕ = 2piq, where q is an inte-
ger. Thus, the eigenvalues of UN are given by e
−i2piq/N .
There are only N different eigenvalues, for which we let
0 ≤ q ≤ N − 1. The corresponding eigenstates are
|cq〉 = 1
N
√
g˜(q)
N−1∑
m=0
ei2pimq/N |α0e−i2pim/N 〉. (11)
where the normalization factor is written explicitly with
g˜(q) defined by Eq.(7). The eigenstates satisfy the or-
thonormality condition
〈cq|cr〉 = δqr , (12)
and are invariant (up to a global phase) under rotation
with the operator UN :
UN |cq〉 = e−i2piq/N |cq〉. (13)
The last property allows us to call them rotationally-
invariant circular sates (RICS), while Eq.(12) shows that
these states form an ortonormal basis in the space of
circular states, defined by Eq.(2).
The states Eq.(11) create an important subclass in the
class of circular states, Eq.(2). For N = 2 they give
“even” (q = 0) and “odd” (q = 1) coherent states of
single-mode field [2], extensively investigated in the last
decades [4–6, 8, 9]. The “compass state”, a model for
studying the decoherence of a one-dimensional quantum
system [19], is also a member of this class for N = 4,
q = 0. In general form the states Eq.(11) were studied by
Janszky and co-workers [23, 24], who suggested a method
of their generation by means of cavity QED [25].
Using the decomposition of a coherent state in the Fock
basis, we rewrite the RICS, Eq.(11), in the form [24]
|cq〉 = e
−|α0|
2/2
N
√
g˜(q)
∞∑
l=0
αq+lN0√
(q + lN)!
|q + lN〉, (14)
where |q + lN〉 is a Fock state with q + lN photons.
Eq.(14) shows that a RICS is a sum of Fock states with
the number j of photons such, that (j mod N) = q. In
the case of N = 2 this property is reduced to a fixed par-
ity of the photon number, peculiar to “even” and “odd”
coherent states.
When N ≫ |α0|2, one can leave only the first terms
in the sums Eqs.(9,14). In this way one obtains a Fock
state with q photons for infinite number of components
or for the amplitude tending to zero:
lim
N→∞
|cq〉 = lim
α0→0
|cq〉 = |q〉. (15)
III. TWO-MODE STATES
A. Superpositions of two-mode coherent states
In this section we come back to the problem of en-
tanglement of two-mode states formulated in the Intro-
duction. We consider two modes of optical field A and
B represented by quantum harmonic oscillators. An ar-
bitrary two-mode coherent state has the form |α〉A|β〉B
where |α〉A and |β〉B are coherent states for modes A and
B respectively with some complex amplitudes α and β.
We consider only the symmetric case β = α, a general-
ization to a more general case being straightforward. An
arbitrary superposition of N symmetric two-mode coher-
ent states can be written as:
|Ψc〉AB =
N−1∑
m=0
cm|αm〉A|αm〉B (16)
=
( |α0〉A ... |αN−1〉A ) Cˆ

 |α0〉B...
|αN−1〉B

 ,
where Cˆ is a complex diagonal N × N matrix of coeffi-
cients, Cmn = cmδmn, and the coherent amplitudes for
the discussion of this and next subsections can be arbi-
trary (all different), though for the case of our interest
they are given by Eq.(3).
It has been pointed out in the Introduction, that split-
ting a single mode superposition on a beam-splitter re-
sults in a two-mode superposition of coherent states,
Eq.(1). Now we can read this equation “from right to
4left” and state that any (symmetric) two-mode super-
position of coherent states, Eq.(16), can be considered
as being produced by splitting the corresponding single-
mode state
|ψinc 〉A =
N−1∑
m=0
cm|
√
2αm〉A, (17)
on a 50:50 beamsplitter with vacuum at the other in-
put. It is important to note that the coefficients of the
two-mode coherent states at the output are the same as
that of the single-mode coherent states at the input, and
that the normalization to unity is reached for the states
Eq.(16) and Eq.(17) for the same set of coefficients {cm}.
Below we will refer to the state Eq.(17) as the“in-state”
of the two-mode superposition, Eq.(16). In practice, a
superposition state can be created by various means, not
necessarily by beam-splitting, but the concept of the cor-
responding “in-state” proves to be highly useful for un-
derstanding the properties of entanglement of such su-
perpositions, as is shown below. In this connection we
will use the same generic name for a two-mode superpo-
sition as for its single-mode “in-state”, i.e. we will speak
about a “two-mode circular state” or a “two-mode RICS”
if their corresponding “in-states” are given by Eq.(2) or
Eq.(11) respectively. It is easy to see that a two-mode
RICS is invariant under simultaneous rotation of two
modes with the operator e−i2pia
†a/Ne−i2pib
†b/N , where a
and b are photon annihilation operators for modes A and
B respectively, justifying thus the extension of the name.
The entanglement of the two-mode state, Eq.(16), is
expected to be determined by the Gram matrix of the set
of states Gˆ and by the matrix of coefficients Cˆ. When the
set contains only one component (N = 1), entanglement
is zero. The corresponding “in-state”, Eq.(17), is in gen-
eral highly nonclassical and its non-classicality is charac-
terized by the Gram matrix of the set of states, which is
a scaled version of Gˆ, and by its matrix of coefficients,
which coincides with Cˆ. When the set contains only one
component (N = 1), the “in-state” is classical (coherent).
We see that non-classicality of the single-mode “in-state”
Eq.(17) is closely related to the entanglement of the two-
mode “out-state” Eq.(16). This analogy can be used for
the quantification of non-classicality in the spirit of the
well-known approach of “entanglement potential” [26],
and will be discussed below in Section V.
B. Orthogonalization in the general case
The set of coherent states {|αm〉,m = 0, ..., N − 1} is
non-orthogonal and spans some N -dimensional subspace
SN . We may look for expressing it via states of an or-
thonormal basis {|v0〉, ..., |vN−1〉} in SN :
( |α0〉 ... |αN−1〉 ) = ( |v0〉 ... |vN−1〉 ) Lˆ, (18)
where Lˆ is a complex N × N matrix. This matrix is
non-unitary in general and satisfies
Lˆ†Lˆ =

 〈α0|...
〈αN−1|

( |α0〉 ... |αN−1〉 ) ≡ Gˆ, (19)
where Gˆ is the Gram matrix for the set of coherent states.
In the orthonormal basis (for both modes) Eq.(16) can
be rewritten as
|Ψ〉AB =
( |v0〉A ... |vN−1〉A ) LˆCˆLˆT

 |v0〉B...
|vN−1〉B

 ,(20)
and the partial density operator of the mode A reads as
ρA =
( |v0〉A ... |vN−1〉A ) MˆMˆ †

 A〈v0|...
A〈vN−1|

 ,(21)
where Mˆ = LˆCˆLˆT . Now the problem of determin-
ing the entanglement of the state Eq.(16) is reduced
to the problem of finding the eigenvalues of the matrix
MˆMˆ † = LˆCˆGˆT Cˆ†Lˆ†. These eigenvalues can always be
found numerically for any finite N . However, an analytic
solution of the eigenvalue problem represents an impor-
tant theoretical problem, giving us the eigenbasis in ad-
dition to the eigenvalues of the partial density operator
and providing a better understanding of the underlying
physics.
The form of the matrix MˆMˆ †, is determined by three
issues: the structure of the set of coherent states, repre-
sented by the Gram matrix Gˆ, the relative weights and
phases, represented by the matrix Cˆ, and the working
basis, represented by the matrix Lˆ. The first two ma-
trices will have highly symmetric forms for the states
of our interest. As for the last matrix, we will use the
symmetrization procedure introduced by Lo¨wdin [27] for
which the transform matrix is Hermitian and is given
by Lˆ = Lˆ† = Gˆ1/2. The orthonormal basis obtained in
this way is characterized by minimal distance from the
non-orthogonal set [28] and the whole orthogonalization
procedure is symmetric with respect to the initial set.
Application of this particular orthogonalization proce-
dure is justified by a successful deduction of the Schmidt
decomposition on its ground.
C. Orthogonalization for two-mode circular states
Now we consider the set of coherent states with am-
plitudes given by Eq.(3), whose Gram matrix is given by
Eq.(19). The eigenvalue equation for the Gram matrix
reads
N−1∑
j=0
Gˆijvj = λvi, (22)
5where {vj , j = 0, 1, ..., N − 1} is the eigenvector. In the
Fourier domain this equation reads
(Ng˜(k)− λ) v˜k = 0, ∀k, (23)
where we have taken into account the cyclic structure of
the Gram matrix.
Eq.(23) has N solutions given by λ(n) = Ng˜(n) with
the corresponding eigenvectors v˜
(n)
k = δkn, or in the di-
rect domain
v
(n)
k = e
i2pikn/N . (24)
Now we build a unitary matrix Vˆkn = v
(n)
k having the
eigenvectors as columns (it follows from Eq.(24) that this
matrix is symmetric), and write
Gˆ = Vˆ ΛˆVˆ †, (25)
where Λˆ is a diagonal matrix of eigenvalues, Λˆmn =
Ng˜(n)δmn. Now the matrix of transform to the Lo¨wdin
basis is Lˆ = Vˆ Λˆ1/2Vˆ † with the matrix elements
Lˆmn =
N−1∑
k=0
√
Ng˜(k)ei2pik(m−n)/N , (26)
and the superposition matrix Mˆ = LˆCˆLˆT has the ele-
ments
Mˆmn =
∑
jk
√
g˜(j)c˜j+k
√
g˜(k)ei2pi(jm+kn)/N , (27)
where c˜k is the Fourier transform of the vector of super-
position coefficients cm.
We notice that the superposition matrix can be writ-
ten as Mˆ = Vˆ Mˆ ′Vˆ , where Mˆ ′ = Λˆ1/2Vˆ ∗CˆVˆ ∗Λˆ1/2, the
asterisk standing for complex conjugation and the sym-
metricity of the matrix Vˆ having been used. Now the
partial density matrix of mode A is Rˆ = MˆMˆ † = Vˆ Rˆ′Vˆ †,
where the matrix Rˆ′ = Mˆ ′Mˆ ′† has the elements
Rˆ′mn = N
2
√
g˜(m)g˜(n)
N−1∑
k=0
c˜m+kg˜(k)c˜
∗
k+n. (28)
Since the matrices R and R′ are related by a unitary
transformation, they have the same eigenvalues. Thus,
the problem of computing the entanglement of the su-
perposition state is reduced to the problem of finding
the entropy of the distribution given by the eigenvalues
of the matrix R′.
Another object of interest are the eigenvectors of the
partial density matrix (the Schmidt basis). They can be
found from Eq.(21) rewritten as
ρA =
( |v′0〉A ... |v′N−1〉A ) Rˆ′

 A〈v′0|...
A〈v′N−1|

 , (29)
where the basis {|v′n〉} is the Fourier transform of the
Lo¨wdin basis {|vn〉}:( |v′0〉 ... |v′N−1〉 ) = ( |v0〉 ... |vN−1〉 ) Vˆ (30)
=
( |α0〉 ... |αN−1〉 ) Lˆ−1Vˆ .
D. Schmidt decomposition for two-mode RICS
It is readily seen from Eq.(28) that both the eigen-
values and the eigenvectors of the Rˆ′ matrix can be
found in analytic form in the case of c˜k = Cδkq, where
C is a real number. This case corresponds to a two-
mode RICS, whose “in-state” is given by Eq.(11) with
a replacement α0 →
√
2α0. Therefore, the normaliza-
tion constant is C = (N
√
g˜1(q))
−1, where g˜1(q) is a
Fourier transform of g1(m) = g
2(m), which are the el-
ements of the “scaled” Gram matrix for the set of states
{|√2αm〉,m = 0, 1, ..., N − 1}. Substituting c˜k = Cδkq
into Eq.(28) we obtain a diagonal matrix Rˆ′:
Rˆ′mn =
g˜(n)g˜(q − n)
g˜1(q)
δmn, (31)
whose eigenvectors are given by Eq.(30). Taking into ac-
count that Lˆ−1Vˆ = Vˆ Λˆ−1/2, we obtain from Eqs.(11,30)
|v′n〉 = |cn〉, (32)
that is, the Schmidt basis is given by the Fourier-
transformed Lo¨wdin basis, coinciding with the corre-
sponding family of RICS. Application of the operator
Vˆ Λˆ−1/2 to the set of coherent states means that we first
take a Fourier transform of the set and then normalize
it. If we took an inverse Fourier transform afterwards,
we would obtain the true Lo¨wdin basis, which is close to
the initial set of coherent states for the case of their good
separation.
Now we consider the RICS |cq〉 with parameters
{N,√2α0} at one input of a 50:50 beam-splitter with
the vacuum at the other one. It follows from Eq.(11)
and Eq.(1) that the state of the two output modes is
|Ψc〉AB = 1
N
√
g˜1(q)
N−1∑
m=0
ei2piqm/N |αm〉A|αm〉B , (33)
where the amplitudes for both modes are given by Eq.(3).
On the other hand, it follows from Eqs.(31,32), consid-
ered in the framework of the previous subsection, that the
state at the output of the beam-splitter can be written
in its Schmidt form as
|Ψc〉AB = 1√
g˜1(q)
N−1∑
k=0
√
g˜(k)g˜(q − k)|ck〉A|cq−k〉B.
(34)
The normalization of the state Eq.(34) follows from the
relation
N−1∑
k=0
g˜(k)g˜(q − k) = 1
N
N−1∑
m=0
g2(m)e−i2piqm/N = g˜1(q).
(35)
Eq.(34) represents a Schmidt decomposition of the
two-mode entangled state at the output of the beam-
splitter. It allows us to compute the entanglement of
6formation:
E = −
N−1∑
k=0
g˜(k)g˜(q − k)
g˜1(q)
log2
{
g˜(k)g˜(q − k)
g˜1(q)
}
, (36)
and provides us with information on the Schmidt basis
for both modes. It is remarkable that the Schmidt basis
for each mode given by a set of RICS, Eq.(11), does not
depend on q, but the correspondence of states of two
modes does.
E. Entanglement of a two-mode RICS as a
function of the coherent amplitude and the number
of components
Entanglement determined by Eq.(36) is in general a
function of three variables: coherent amplitude |α0|,
number of components N , and the “rotational quantum
number” q. It can be easily computed with the help of
Eqs.(6) and (7). In this subsection we will analyze its be-
havior keeping in mind that the bipartite entangled state
under consideration can be created by splitting its cor-
responding single-mode “in-state” |cq〉 on a 50:50 beam
splitter.
In Fig.3 we show the dependence of entanglement on
the field amplitude for the case of q = 1.
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FIG. 3: Entanglement of formation for a two-mode RICS as
function of the coherent amplitude for various numbers of
components and q = 1. The asymptotic value in all cases is
log
2
N .
We see in Fig.3 that for relatively small amplitude the
entanglement is close to 1 ebit for any number of com-
ponents, which is expected because the “in-state” |c0〉 is
close, according to Eq.(15), to the single-photon state,
which results in the state 2−1/2(|1〉A|0〉B + |0〉A|1〉B) at
the output of the beam splitter, having exactly 1 ebit of
entanglement. For sufficiently large amplitude the com-
ponents become almost orthogonal and the entanglement
tends to log2N . At intermediate values of the amplitude
an interference pattern is observed for a sufficiently large
number of components. In the case of two components
entanglement is independent of the amplitude, which is
a well-known fact for the beam-split odd coherent state
[13].
Fig.4a shows the dependence of entanglement on the
number of components. Entanglement increases loga-
rithmically with growing N until the states on the cir-
cle start to overlap, which happens approximately for
N ≈ N1 = pi|α0|, i.e. when 2σ areas of the neighbor
states on the circle start to overlap. For sufficiently large
N the entanglement is a constant, whose value becomes
clear after noting that the “in-state” |cq〉 tends to the
Fock state |q〉 and a beam-split Fock state is a binomial
state of two modes:
|q〉A|0〉B →
q∑
m=0
√
q! 2−q
m!(q −m)! |m〉A|q −m〉B, (37)
So, the entanglement is given by the entropy of binomial
distribution P (k) = q!k!(q−k)!2
−q, which for q = 4 is close
to 2.047.
An interesting feature is the abrupt drop of entangle-
ment just before it takes its constant asymptotic value.
Such behaviour can be explained by considering the two
first terms in Eq.(14) for the “in-state”, for example for
q = 0:
|c0〉 ≈ 1√
1 +X
(
|0〉+
√
X|N〉
)
, (38)
where X = (2|α0|2)N/N ! is a coefficient experiencing a
fast decay in the region N > 2|α0|2. After the beam-
splitter such a state results in a superposition of the two-
mode vacuum and a binomial state, which for N ≫ 1
are almost biorthogonal [31]. It can be shown by ap-
plying Eq.(37) to Eq.(38) and a direct calculation, that
the entanglement after the beam-splitter can be written
approximately as E(N) = B(N) + S(N), where
B(N) =
X
1 +X
1
2
log2
(
pieN
2
)
, (39)
is the entropy of the binomial distribution times its
weight, while
S(N) = − 1
1 +X
log2
1
1 +X
− X
1 +X
log2
X
1 +X
, (40)
is the Shannon entropy of the distribution of weights in
Eq.(38). In Fig.4b we show both entropies and their sum,
which describes well the behaviour of the entanglement
in the region N > 2|α0|2 = 18.
We see that the growth of entanglement before the last
local maximum is given by the growing entropy of the
binomial distribution. The maximum itself occurs when
both terms in Eq.(38) become comparable and S(N) be-
comes significant. The value of N such that X = 1 can
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FIG. 4: Entanglement of formation for a two-mode RICS as
a function of the number of components (a) for various values
of |α0| and q, and (b) for the case |α0| = 3, q = 4, represented
as a sum of entropies.
be taken as the limiting value, after which E(N) is al-
most constant. For the considered example of q = 0
this value is approximately N2 = 2e|α0|2. Above this
value the vacuum in Eq.(38) becomes dominating and
the entanglement of the corresponding two-mode state
is zero. The sum of entropies does not explain the first
local maximum, which requires the additional term |2N〉
in Eq.(38).
IV. RICS AS A BASIS
A. Decomposition of a circular state
The family of RICS, Eq.(11), for any fixed N and α0
form an orthonormal basis in the N -dimensional sub-
space SN of the state space of quantum harmonic os-
cillator, and the states from SN can be decomposed in
this basis. In particular, for a coherent state |αm〉 we
obtain from Eq.(11)
|αm〉 =
N−1∑
q=0
√
g˜(q)e−i2piqm/N |cq〉, (41)
Any N -component circular state, Eq.(2), with arbi-
trary coefficients cm can be represented as a superposi-
tion of RICS:
|ψc〉 = N
N−1∑
q=0
√
g˜(q)c˜q|cq〉, (42)
with a normalization condition
N−1∑
q=0
g˜(q)|c˜q |2 = 1
N2
. (43)
B. Quadratic phase
A RICS, defined by Eq.(11) is an equally weighted cir-
cular state with a linear relative phase dependence. An-
other interesting case is an equally weighted superposi-
tion with a quadratic phase. Let us consider a circular
state Eq.(2) with the following coefficients [22]
c˜k =
1
N
e−ipik(k−p)/N , (44)
where p = (N mod 2) is the parity of N . Such coeffi-
cients characterize a family of “Kerr states”, being the
subject of a vast literature since mid-80s [3–5, 11, 18, 21].
The states of this family are generated by a third-order
(Kerr) nonlinearity in the microwave spectral domain for
mesoscopic values of the field amplitude, up to |α0| = 10
[7]. It is worth noting that in the direct domain the
coefficients {cn} are also equally weighted and have a
quadratic phase depedence [11].
When a Kerr state is split on a beam-splitter, or
considered in a transformed modal basis, it produces a
two-mode circular state. The partial density matrix of
one mode in the basis of RICS is given by substituting
Eq.(44) into Eq.(28):
Rˆ′mn =
√
g˜(m)g˜(n)g(n−m)eipi(n(n−p)−m(m−p))/N , (45)
and the entanglement of the two modes can be found
numerically as the Shannon entropy of the eigenvalues of
this matrix, which has a very simple form.
C. Entanglement of a general two-mode circular
state
The case of a general two-mode circular state can be
treated numerically by finding the eigenvalues {λk} of
the N ×N partial density matrix of one mode, Eq.(28).
8Alternatively, the eigenvalue problem for the partial
density matrix after the beam-splitter can be solved in a
truncated Fock basis, which is a traditional approach to
the problem. When the “in-state” is represented as a sum
of Fock states from |0〉 to |K−1〉, whereK > 2|α0|2+|α0|,
the partial density operator of the corresponding two-
mode state is represented by an K × K matrix. How-
ever, in many interesting cases K ≫ N , and in the trun-
cated Fock basis the numerical solution gives approxi-
mate eigenvalues {λ′k} of an approximate matrix, while
in the RICS basis it gives approximate eigenvalues of the
exact matrix Eq.(28), providing a higher degree of preci-
sion.
Numerical treatment of the eigenvalue problem for
the partial density operator is also possible in the
non-orthogonal basis of coherent states {|αm〉,m =
0, 1, ..., N − 1} [29], where the eigenvalues of a N × N
matrix are to be found. However, RICS have an advan-
tage of being an orthogonal basis, which is much more
convenient for the practical calculations.
It is known that a circular state with properly cho-
sen parameters {N,α0} can approximate many (but not
all) states of the single-mode field with arbitrary preci-
sion [30]. If such a state is split on a beam-splitter, the
obtained two-mode state can be approximated by a two-
mode circular state. It is natural to use the RICS basis
for performing the numerical calculation of the entangle-
ment of this two-mode state.
V. DISCUSSION
In this section we will discuss two questions: the opti-
mal entanglement of a two-mode circular state for given
resources and the quantification of non-classicality of the
in-state by the entanglement of the corresponding out-
state.
The first question we address is “How much entangle-
ment can be produced by splitting on a beam splitter
a general circular state, defined by Eq.(2) with a fixed
|α0|?”. Thus, we consider the coherent amplitude |α0|
as a resource and would like to know how this resource
can be optimally used for producing an optimal coherent
superposition. First of all we note that the entanglement
of the state Eq.(16) is not greater than log2N , because
N is the rank of the partial density operator, given by
Eq.(21).
Considerable amount of entanglement can be obtained
by splitting a RICS. Let us analyse how the entangle-
ment of a two-mode RICS depends on the number N of
components. As has been already found in Sec. III, this
dependence has three regions (see also Fig. 5): (i) a log-
arithmic growth up to N1 = pi|α0| while the components
are almost orthogonal; (ii) oscillations when the compo-
nents start to overlap and interfere; (iii) asymptotically
constant value after N2 = 2e|α0|2, when entanglement
is given by the entropy of the binomial distribution with
parameter q, which is approximately
Ebin(q) =
1
2
log2(pieq/2) (46)
for q ≫ 1. The first region corresponds to the the so-
called “Schro¨dinger cat state” for the “in-state”, while
the third region corresponds to approaching the Fock
state |ψinc 〉A = |q〉A.
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FIG. 5: Entanglement of formation for a two-mode RICS,
|α0| = 4 and for the Kerr state with the same amplitude. The
dependence has three regions: (i) a logarithmic growth up to
N1 = pi|α0| while the components are almost orthogonal; (ii)
oscillations when the components start to overlap and inter-
fere; (iii) asymptotically constant value after N2 = 2e|α0|
2.
q max corresponds to maximal entanglement for given N .
In general, the maximal entanglement for a RICS state
is limited by the following bounds:
1
2
log2(N) < max
q
E(|α0|, N, q) ≤ log2(N), (47)
where the lower bound in the first and second regions has
been verified numerically for experimentally interesting
values 0 < |α0| ≤ 4, while in the third region it is always
surpassed by a RICS with q = N−1, as can be seen from
Eq. (46).
As can be seen from Fig. 5, the lower bound in Eq.(47)
is not optimal for N < N2, where E(|α0|, N, qmax) is
substantially larger than 12 log2N . An interesting ques-
tion is what is the maximal entanglement of formation
ECSmax(N), at fixed N , for all circular states with given
fixed α0, but arbitrary cm. Clearly, E
CS
max(N) ≤ log2N .
Our analysis above of the entanglement of formation of
the RICS shows it is at least as large as 12 log2N . It is
not clear whether other choices of the cm, possible with
non-constant |cm|, would yield a higher entropy of for-
mation.
One interesting consequence of Eq. (47) is that the
limiting bounds of entanglement of a RICS state are de-
termined not by the coherent amplitude |α0| but by the
9number of components N . This behavior is drastically
different as compared with other circular states such as,
for example, Kerr states [11]. For each α0 and N there is
only one Kerr state, and the maximal over N entangle-
ment is limited by the value of |α0| and is approximately
equal to log2(pi|α0|) (see also Fig. 5). The explanation of
this difference can be given on the basis of consideration
of the mean energy or the mean photon number.
Kerr states are generated deterministically from a co-
herent state with the amplitude α0, and have the same
mean photon number |α0|2. RICS states can be produced
from a coherent state by two different ways: probabilisti-
cally, i. e. via random projection of coherent state α0 on
a RICS state, or deterministically like Kerr states. Let
us consider first a probabilistic method [6, 25]. In this
case the mean photon number of a RICS state is given
by Eq. (11) as
n¯(q) ≡ 〈cq|a†a|cq〉 = |α0|2 g˜(q − 1)
g˜(q)
≈ q, (48)
where the approximate equality holds for N ≫ N2. This
result demonstrates that for q ≫ |α0| one can obtain a
RICS state with the mean photon number much larger
than the average number of photons |α0|2 in the corre-
sponding coherent state. However, the probability of ob-
taining such an outcome is very low. Indeed, the proba-
bility of obtaining a RICS from a coherent state by a pro-
jection is given by Eq. (41) as p(q) = |〈αm|cq〉|2 = g˜(q)
and is rapidly decreasing for high values of q. Calculat-
ing the average photon number over many projections we
obtain
∑
p(q)n¯(q) = |α0|2. Thus, a random projection
generates a RICS with a random photon number, which
sometimes can be very high. For the same state entan-
glement of the “out-state” is also very high. However the
probability of obtaining such high entanglement is very
low.
In the case of deterministic generation of RICS,
Eq. (48) for the mean number of photons remains valid.
However, since in this case a RICS with n¯(q) ≈ q,
0 ≤ q ≤ N − 1, is created deterministically, the inter-
pretation of the result is different from the probabilistic
case. Indeed, when q > |α0|2 one needs some additional
external energy in order to create such a state. Therefore,
the initial coherent amplitude |α0| cannot be considered
as the only resource for creating entanglement with the
value given by Eq. (47).
The second question of our interest is the quantifica-
tion of non-classicality of a single-mode state, i.e. intro-
duction of a measure, which is zero for classical states
(coherent states and their mixtures) and is positive for
non-classical states. For a pure “in-state”, it is demon-
strated in Ref. [26] that the entanglement E of the “out-
state” can be an appropriate measure of nonclassicality.
Therefore, we can interpret our Eq. (36) as a measure of
nonclassicality of a RICS and compare it with alternative
nonclassicality measures. For example, one of such alter-
native measures is given simply by a number of coher-
ent states necessary for the composition of a single-mode
quantum state [32]. For a RICS this number is equal to
N . We have observed that, when applied to RICS states,
these two measures can predict two qualitatively different
results. Precisely, for q = 0, α0 fixed and N becoming
very large, the measure of nonclassicality from Ref. [32]
grows respectively as N , thus predicting an increase of
nonclassicality. On the other hand, since the entangle-
ment of formation E of the “out-state” is tending to zero
for this sequence, the corresponding entropic measure of
nonclassicality predicts approaching a classical state. In
our opinion, this prediction has a much higher practical
significance, because in this limit the sequence of RICS
tends to the classical state of vacuum.
VI. CONCLUSIONS
In the present work we have approached the problem
of calculating the entanglement between two modes of a
two-mode circular state of light. We have found, that
for a subclass of two-mode circular states, which we call
two-mode RICS, an analytical solution for the Schmidt
decomposition exists, and therefore a rather simple ana-
lytical expression gives the exact value of the entangle-
ment, Eq.(36). On the basis of this exact expression we
have investigated the behaviour of the entanglement of
a two-mode RICS and found its main features. We have
shown that a set of single-mode RICS form a basis in the
space of circular states, and this basis is advantageous
for calculating entanglement of any two-mode circular
state. We have shown also that the maximal attainable
entanglement of an arbitrary two-mode circular state on
a circle of given radius grows logarithmically with the
number of components.
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